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REALIZATION OF NONAXISYMMETRICAL 

MOMENT-FREE STATE IN SHELLS OF 

REVOLUTION 

Yu. V. Nemirovskii and G. I, Starostin UDC 539.311 

A se r i e s  of formulat ions  of p rob l ems  involving rea l iza t ion  of a m o m e n t - f r e e  s t r e s s e d  s tate  in e las t ic  
re inforced  shel ls  with a r b i t r a r y  shape of the center  sur face  is given in [ 1]. This pape r  is concerned with 
solving three  of the p rob l ems  proposed in [ 1] for  the case  when the cen te r  sur face  of the shell  is a su r face  of 
revolution with nonzero Gaussian curva ture .  The p rob lem of the poss ibi l i ty  of rea l iz ing  a m o m e n t - f r e e  s tate  
in a r b i t r a r y  re inforced  shells  with zero  curva tu re  was examined in [2] and the pa r t i cu la r  case  of axial  s y m -  
m e t r y  was examined in [3]. 

1. We shall  examine a shell  of revolution with a quas iuni form layered  s t ruc tu re  over  the thickness.  We 
shall  choose a s y s t e m  of coordinates  fixed to the l ines of pr inciple  curva tu re  of the sur face  of the shell .  If the 
shell  functions in a m o m e n t - f r e e  s t r e s s  s tate,  then the following re la t ions  mus t  be sa t is f ied [1]: 

equations of equi l ibr ium 

(~(rT1)/o ~ - T~R r cOS (p ~- RIOTI~/O0 .-~. --rRlp,~ (1 .1)  

BiOT~la 0 -~ O(rT,~)IO~ + r1~/r cos ~p ----- - - r i%p~ 
T,R~ -~ T2Ri = R,/~2p3; 

e las t ic i ty  re la t ions  

" r t  ~ h(auel -t-a,a% =t- a,ac,~)~. ,1' 2 = h(anc, -t- a~z% + a~3r 
~I~ = T~I"I----- h(a,ss, + a~%:-5 a,ac,~,); 

(1.2) 

geomet r i c  equations 

i 0='.~ w - " i OV __ coscp . ' w 

.. t :au , r, o / ~ \ -  
) , 

(1.3) 
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t 001 .0~ x~ t 00~ cos~,~ ' 0, 
= T- "~ +--7-- ~i - nl --- ~I Oq) 

t . (0210 "I~OS(~ OW ) , . Of / ,  r ' O ( ~ ) : O ,  

t om i~ t ow  
"" ~1 = R1 ?, -I" - -  ~ 2 -  -- + 0_~. B 1 ' r 00 R 2 ' 

equations of continuity of deformat ions  

BiOsx~/O0 - -  ras2/O~ " ( S ~  --  e~)R~ cos 9 = O, 
rae~lO~ =t- 81~(Rl -~" Re) cOS (p - -  R10B1/O0 -- 0,; 

09 /-~-a [ r ' ~  - + ( e 2 - - e 0 R i c ~  R, 0 ~  ?-- '2 

The genera l ized  fo r ce s  

or  the cor responding  genera l ized  d i sp lacements  

mus t  be given on the boundary of the shell  (y = const  [4], while the genera l ized  fo rces  

T~ = To, T~I = To~, To,, : :  0, Mo =: 0 

or  the genera l ized  d i sp lacements  

U, V, W, ~z 

(1.4) 

~ r = 0. o~ ~i~/~ cos 

(1.5) 

(1 .6)  

(1.7) 

(1.8) 

(1.9) 

mus t  be given on the boundary 0 = const.  

In (1 .1)- (1 .9) ,  T1, T2, T12 a re  the forces ;  e l, e2, 512, components  of tangential  deformat ion  of the cen te r  
sur face ;  ~t 1, ~t2, T, components  of the bending deformation;  u, v, and w, components  of d isplacement ;p l ,p2,pa ,  
components  of ex te rna l  su r face  load; R1, R2, pr inciple  radii  of curva ture ;  r = R 2 sin go, instantaneous radius;  h, 
th ickness  of the shell;  akin, genera l ized  e las t ic  c h a r a c t e r i s t i c s  of a typical  l aye r  of the shell;  T~0, T(y0, T(yn, 
M(y, components  of the vec t o r  of ex terna l  fo rces  and bending moment ,  applied at the boundary go = const; TO, 
T0(y, Ton, M0, analogous quanti t ies  given on the contour 0 = const; O1, 02, angles of rotat ion of the no rma l  to 
the cen te r  sur face .  

2. Equations (1.1)-(1.3)  a r e  the equations of c l a s s i ca l  m o m e n t - f r e e  theory  [5] for  the shell  under  study 
(principle s y s t e m  of equations of m o m e n t - f r e e  theory  [6]). Together  with the conditions for  the absence  of 
bending deformat ion  (1.4) and the equations of continuity (1.5), these  equations de te rmine  the s t r e s s e d - d e -  
fo rmed  s ta te  of the shell  of revolut ion with finite bending rigidity,  functioning in a s t r i c t ly  m o m e n t - f r e e  r e -  
g ime.  

The solution of the equations of continuity (1.5) gives the genera l  f o rm of the field of tangential  d e f o r m a -  
tions of the su r face  of revolut ion with bending-f ree  deformat ions  of the la t t e r .  To find it, we e l iminate  il~ (1.5) 
the functions e~, e2 and obtain 

.-o0/ 

Solving this equation and integrat ing the f i r s t  two equations f r o m  (1.5), We find 

:e12 = ~1 (0) sin -1 q~ -t- ~2 (qD), " ( 2 . 1 )  
0 

el = ~a (q)) -t- Ctg V -- 3 ~i(O) dO -t- 
O 0 o t,d �9 g l ~  ~ ~ ~ (~r s i .  ~), 

% , 

.% 

Here  ~ 1 (0), ~2 (~o), ~3((Y), ~a(0) a r e  functions of integrat ion;  the lower  l imi t s  of in tegrat ion (y0, 00 a r e  chosen 
a rb i t r a r i l y .  

We note some  p r o p e r t i e s  of the solution obtained, re la ted  to the f o r m  of the cent ra l  sur face .  
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1. When the c e n t e r  su r f a c e  conta ins  a point  c o r r e s p o n d i n g  to a smooth  ve r t ex  (~ = 0 o r  ~ = ~) ,  it follows 
f r o m  (2.1) that the funct ions el2, e~, e2 will be finite at  this point  if we a s s u m e  (for % = 0, 7r) 

~i(0) = 0, ~(0) : -  0. (2.2) 

T h e r e f o r e ,  fo r  m o m e n t - f r e e  de fo rm a t i on  of  such a shell ,  the magni tude  of the s h e a r  de fo rma t ions  ~2 does  not 
depend on the angle 0, while the re la t ive  e longat ions  q,  $ in the gene ra l  ca se  depend l inea r ly  on 0. 

2. If the shel l  is c losed  in the c i r c u l a r  d i rec t ion ,  then f r o m  the condit ion of  pe r iod i c i t y  of  the funct ions 
e~2 , e~, e 2 with r e s p e c t  to 0 we obtain the dependence  

( r; ) i c - - ~  ~ (0 )  d0 (2.3) 
~ (9) = ~ o ' 

where  c is an a r b i t r a r y  constant ;  ~ 1 (0), ~ ~ (0) a r e  pe r iod ic  funct ions.  

3. When the c e n t e r  su r f a c e  contains  a smooth  ve r t ex  and is c losed  in the c i r c u l a r  d i rec t ion ,  we find 
f r o m  (2 .1) - (2 .3)  

a*2 = 0, ei = 13 (9) = a, (9), S~ =: ___t r ~ ~3Bi cos 9d9 = % (@, (2.4) 
0 

i .e . ,  in such a shell ,  with bend ing - f r ee  de fo rma t ion  the field of tangent ia l  de fo rma t ions  is a x i s y m m e t r i e a l  and, 
in addition, the de fo rma t ions  ej and e2 a r e  the pr inc ip le  de fo rma t ions .  

When the equat ions  of cont inui ty  (1.5) a r e  sa t i s f ied ,  d i s p l a c e m e n t s  in a s t r i c t l y  m o m e n t - f r e e  shel l  a r e  
de t e rmined  f r o m  Eqs.  (1.3) and (1.4) in the f o r m  

0 
OA u=Acos9  + C s i n g §  w = A s i n 9 ,  v = - ~ -  - - R ~ c o s 9 .  I'~1d0+~13(9),, (2.5) 

0 o 

where  
(p 

A = B + ~ I ~ ( 0 ) ;  B yCd9; C=[(j,+~h(~))R_{_(R_R1)~,I t . == s i n  q~ ' 

(PO 

~h (9) = -7-t [,cl + roar, (9o~ 0 ) +  .~ s,B, sin 9d~0 arx = sin . el~d0;. 
L q~o Oo 

~., (0) = (c~ + J~) sin 0 + (ca + da) cos 0; ~ ,  = (c~ + J~) sin 0 + (c, + ars) cos 0; 

~b(9) = r 
C 8 +  Oo *o 

0 0 

C C - - (d ,  + ~I1) B~ cos O~B B; 
0 o O0 

0 ".  0 

Y, = -:- sin 9 y ~ OdO; d s . .  _~ s in9 s ~~ sin" OdO. 
O0 O0 

Here  e l , . . . ,  % a r e  a r b i t r a r y  cons tan ts .  Thus ,  in c o n t r a s t  to the c l a s s i c a l  m o m e n t - f r e e  theo ry  [4, 6] ,  the 
g e o m e t r i c  equat ions  of a shel l  funct ioning in a s t r i c t l y  m o m e n t - f r e e  s t r e s s  s ta te  can  be solved expl ic i t ly  in a 
gene ra l  fo rm.  This  c i r c u m s t a n c e  is a r e su l t  of the poss ib i l i ty  of cons t ruc t ing  an expl ic i t  solut ion of the geo -  
m e t r i c  equat ions  of the ge ne ra l  m o m e n t  t heo ry  [6 ]. 

When the shel l  has a smoo th  ve r t ex  (~ = 0), is c losed  in the c i r c u l a r  d i r ec t i on  (dome) ,  and is c o m -  
p le te ly  c lamped along the bounding contour  ~0 = ~1 aga ins t  tangent ia l  d i s p l a c e m e n t s  

u(~ , ,  0) = 0,  v (9 , ,  0) = 0,~ 

we obtain f r o m  (2.5) 

' 81RI sin , u = % r c o s ( 9 + s i n 9  C l+  9d9 
(Pl 

(2.6) 
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w = e~r sin q~ - -  cos qD c i~-  Ri sin qDdq~ (2.6) 
( P l  

v = 0~ ~i = 0 ,  c l  = ~(%)R~(%) cos 91: 

3. We s h a l l  f o r m u l a t e  and e x a m i n e  f u r t h e r  t h r e e  p r o b l e m s  invo lv ing  the r e a l i z a t i o n  of a m o m e n t - f r e e  
s t r e s s  s t a t e  in r e i n f o r c e d  s h e l l s  of r e v o l u t i o n .  

P r o b l e m  1. A s s u m e  tha t  the fo l lowing  a r e  g iven  fo r  a s h e l l  of  r e v o l u t i o n :  s h a p e  of  the c e n t e r  s u r f a c e ,  
l aws  of v a r i a t i o n  of  the t h i c k n e s s  and n a t u r e  of the  a n i s o t r o p y ,  b o u n d a r y  cond i t i ons  of  the  type  (1 .6 ) - (1 .9 ) .  The  
p r o b l e m  i s  to d e t e r m i n e  the c o m p o n e n t s  Pl, P2, P3 of  the  s u r f a c e  load  tha t  g i v e s  r i s e  to a m o m e n t - f r e e  s t a t e  
in the she l l .  

Subs t i tu t ing  the e x p r e s s i o n s  f o r  e l ,  e2, e12 f r o m  (2.1) into the  r e l a t i o n s  of e l a s t i c i t y  (1.2) and f u r t h e r  
into the equa t ion  of  e q u i l i b r i u m  (1 .1) ,  we ob t a in  an  e x p r e s s i o n  fo r  the  c o m p o n e n t s  of  the  s u r f a c e  load  sought  
in t e r m s  of  the  q u a n t i t i e s  and func t ions  +1(0) ,  ~2(q)), ~3(~9), ~4(0) known f r o m  the cond i t ions  of the  p r o b l e m .  
Thus  the so lu t i on  of p r o b l e m  1 r e d u c e s  to f inding  the func t ions  + 1, +2, + 3, + 4 f r o m  the b o u n d a r y  cond i t ions .  
A f t e r  t h e s e  func t ions  a r e  found, the f o r c e s  a r e  d e t e r m i n e d  f r o m  Eqs .  (1 .2) ,  whi le  the d i s p l a c e m e n t s  a r e  d e -  
t e r m i n e d  f r o m  Eqs .  (2 .5) .  

If  i t  i s  not  p o s s i b l e  to s a t i s f y  a l l  b o u n d a r y  cond i t i ons  s t a t e d  due to the func t ions  +1, +2, +3, +4, then  th is  
m e a n s  that  in th is  s h e l l  i t  i s  i m p o s s i b l e  to r e a l i z e  a m o m e n t - f r e e  s t a t e  by  c h o o s i n g  the s u r f a c e  load .  

A s  an  e x a m p l e ,  we s h a l l  e x a m i n e  the so lu t i on  of p r o b l e m  1 fo r  a c l o s e d  s h e l l  of r e v o l u t i o n  with s m o o t h  
v e r t i c e s  u n d e r  the cond i t ion  tha t  a long  the m e r i d i a n  0 = 0 o the va lue  of the n o r m a l  c o m p o n e n t  of  the  s u r f a c e  
l oad  is  g iven :  

Pa Io=% = P (q~)- (3.1) 

On the s t r e n g t h  of the f ac t  tha t  the s h e l l  i s  c l o s e d ,  i t  i s  n e c e s s a r y  to r e q u i r e  tha t  a l l  of  the  func t ions  sought  be  
p e r i o d i c  wi th  r e s p e c t  to 0 and f in i t e  a t  the po in t s  q = 0, ~0 = 7r. 

In the  m o m e n t - f r e e  s h e l l  u n d e r  s tudy ,  the  g e n e r a l  f o r m  of  the  f i e ld  of d e f o r m a t i o n s  i s  d e t e r m i n e d  by  r e -  
l a t i o n s  (2 .4) .  T h e r e f o r e ,  to s o l v e  the p r o b l e m  i t  r e m a i n s  to d e t e r m i n e  the func t ion  +3(~) o r ,  which  i s  m o r e  
conven ien t ,  the funct ion  e2. F o r  th i s ,  t ak ing  into  a c c oun t  {2.4),  we r e p r e s e n t  the l a s t  equa t ion  in (1.1) wi th  the  
he lp  of  the  r e l a t i o n s  of  e l a s t i c i t y  (1.2) in  the  f o r m  

h(Diei + D~e2) = P3~ (3.2) 

w h e r e  D 1 = al lR~ ~ + a12R21; D 2 = at2R~ 1 + a22R21. 

If the  g e o m e t r y  of the  c e n t e r  s u r f a c e  and the n a t u r e  of the a n i s o t r o p y  of the she l l  m a t e r i a l  a r e  such  tha t  
D 1 ~ 0, then f r o m  (3 .2) ,  t ak ing  into accoun t  (2.4) and cond i t ion  (3 .1) ,  we o b t a i n  

e i = k i p  3 - -  k2e 2 -~ k~p - -  k2~ k i = (hDii-l~ k~ = D2D~i~ (3.3) 

k", = k~ (%, 0o), k~ = k~ (9, 0o) 

It  a l s o  fo l lows  f r o m  (2.4) tha t  

d(r%)/dr = eiR i cos r (3.4) 

Subs t i tu t ing  h e r e  the  e x p r e s s i o n  f o r  e 1 f r o m  (3.3) and i n t e g r a t i n g  the e x p r e s s i o n  ob t a ined  r e l a t i v e  to e2, we 
ob ta in  

, ~ 

E;2 : -v  ~ - 

,~ 0 0 

If D 1 = 0, then  D 2 ~ 0, s i n c e  o t h e r w i s e  the  cond i t ion  tha t  the p o t e n t i a l  e n e r g y  of the  d e f o r m a t i o n  of the  
s h e l l  be  p o s i t i v e  de f in i t e  b r e a k s  down. In th is  c a s e ,  we i m m e d i a t e l y  d e t e r m i n e  f r o m  (3.1) and (3.2) 

e2 = Ps  (hD~)  -: l  == P ( h D ~  ~ [0=%1 

We s h a l l  i l l u s t r a t e  the  r e s u l t s  ob ta ined  when the s h e l l  i s  i s o t r o p i c  and the c e n t e r  s u r f a c e  is  c l o s e d  e l -  
l i p s o i d  of  r e v o l u t i o n .  In th i s  c a s e ,  r e l a t i o n s  (1.2)  with cond i t i ons  (2.4) have  the f o r m  

T i ~ h E ( t  - -  v~)-l(e i + r e , ) ,  T ,  = hE(t  ' ~  v ' ) - i (ve  1 -k- e,)~ Tx, = 0. 

Subs t i tu t ing  t h e s e  e x p r e s s i o n s  into the  equa t ion  of  e q u i l i b r i u m  (1.1) and inc lud ing  (2 .4) ,  we ob ta in  
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E " - -  

- ~ ~ - )  ~2 - R 1 ~ 0 ~ -  ~ - / j ,  ( 3 . 6 )  

Le t  the t h i c k n e s s  of the  s h e l l  v a r y  a c c o r d i n g  to the law 

H = i + H ,  sinZ0 sinZ(p ', (3.7) 

w h e r e  H = h /h0 ;  H .  = (h t - h0)/h0; h 0 = h (0 ,  0) ;  h i = h ( ~ / 2 ,  n /2 ) .  We s h a l l  a l s o  a s s u m e  tha t  

p((p) = p = const. (3.8) 

F o r  the r a d i i  of  c u r v a t u r e  we have  [4] 
�9 2 - - I  

R~ = R (t + 7 sin~ q))--a/~, R~ = R (1-4-Y sin ~ (p)-l/z, R = a 2 a l ,  ( 3 . 9 )  

s - -1  �9 ~ = 8  ~ - I ,  8 : % a i  , 

w h e r e  al ,  a 2 a r e  the s e m i a x e s  of  the e l l i p s o i d  (the s e m i a x i s  a 1 is  s i t u a t e d  on the a x i s  of  r e v o l u t i o n ) .  Since  
fo r  an i s o t r o p i c  e l l i p s o i d  

D 1 = (E/(l  v~))(t/R1 q- v[R~) > 0~. ~ 

i t s  d e f o r m a t i o n  i s  d e t e r m i n e d  by  r e l a t i o n s  (3.3) and (3.4) in which 

k~ ~ = ((t --v~)lhoE) ( t /R  1 + v/R2)- ~, k~ := k~ = (w/R, 4- l IRa)  ( t /R  x -4- vlRz)  "1. (3.10) 

F i g u r e  l a - c  shows the d e p e n d e n c e  of  the d i m e n s i o n l e s s  qua n t i t i e s  ql  = P l /P ,  q2 = P2/P, q3 = P3/P on ~v, 0, 
c a l c u l a t e d  a c c o r d i n g  to Eqs .  (3.3) and ( 3 . 5 ) - ( 3 . 1 0 )  with v = 0.3, c = 0.25, 00 = 0, 0-< q~ <- 7r/2, 0 -  0 _ 7r/2. I t  
fo l lows f r o m  ( 3 . 6 ) - ( 3 . 9 )  tha t  fo r  o t h e r  va lue s  of ~v, 0 the quan t i t i e s  q~, q2, q3 a r e  d e t e r m i n e d  a c c o r d i n g  to the  
e q u a l i t i e s  

. q~(+,, o) = - q 1 ( #  - + ,  o) = q~((~, , -  o) = q~(% n - o),. 

q , (% o) = q ~ ( ~ -  % o) = - q ~ ( ~ , -  o) = - q ~ ( ~ ,  ~ - o),i 

q , (% 0) = q , (~  - ~ ,  0) = q ~ ( % -  0) = q , ( ~ ,  ~ - o ) .  

The cont inuous  and d a s h e d  c u r v e s  in F i g s .  l a - c  c o r r e s p o n d  to v a l u e s  H .  = 1, 2; c u r v e s  2 -5  c o r r e s p o n d  to the  
v a l u e s  0 = 7r/8, 7r/4,  (3/8)7r, 7r/2. Curve  1 c o r r e s p o n d s  to the  c a s e  0 = 0 ( for  any  H . ) .  

F o r  H .  = 0 the  e l l i p s o i d  has  a c o n s t a n t  t h i c k n e s s .  Then i t  fo l lows  f r o m  (3 .6 )and  (3.7) wi th  the cond i t ion  
(3.8) tha t  ql  = ql((f l) ,  q2 = 0, q3 = 1. The funct ion  q l ( ~ )  wi th  e = 0.25 i s  i l l u s t r a t e d  b y  the d o t - d a s h  c u r v e  in 
F ig .  l a .  F o r  a s p h e r e  (e = 1), we ob ta in  f r o m  ( 3 . 3 ) - ( 3 . 7 )  tha t  ql  = q2 = 0, q3 = 1. 

4. To d e s c r i b e  the  e l a s t i c  p r o p e r t i e s  of the  s h e l l  m a t e r i a l ,  we sha l l  u se  the  m o d e l  of  a r e i n f o r c e d  l a y e r  
[7] .  In th i s  c a s e ,  the  c o e f f i c i e n t s  in (1.2) have  the f o r m  

iV i V  

aE a,, = ~ - ~ Z  o).nnl~,~, a~) --" Z ~o,,E,)l?n~,~, (4.1) 

iV 2/ 

�9 - -  o )nEnl~nl sn ,  aaa 2(t -4- v) 

t ~  = cos , ~ ,  l ~  = s i n , ~  i, ] = t ,  2, i =/= ],: 

w h e r e  N i s  the n u m b e r  of f a m i l i e s  of  f i l a m e n t s  ( r e i n f o r c e m e n t )  o r i e n t e d  in the s a m e  d i r e c t i o n  in  a c h a r a c t e r -  
i s t i c  l a y e r ;  n i s  the n u m b e r  of f a m i l i e s ;  wn i s  the  r e l a t i v e  vo lume  con ten t  of  f i l a m e n t s  of th i s  f a m i l y ;  E n i s  
Young ' s  modu lus  fo r  the  f i l a m e n t s ;  ~b n i s  the  ang le  be tw e e n  the o r i e n t a t i o n  of  the f i l a m e n t s  in  the f a m i l y  and 
the m e r i d i a n ;  E, u a r e  Young ' s  modu lus  and P o i s s o n ' s  coe f f i c i en t  of  the  b ind ing  m a t e r i a l ;  a i s  the  r e l a t i v e  
v o l u m e  con ten t  of  the b i n d e r  in the l a y e r .  

P r o b l e m  2. Given:  the shape  of  the c e n t e r  s u r f a c e ,  the  e x t e r n a l  s u r f a c e  load ,  the  r i g i d i t y  Gk = wkEk  
(aE)  -1 ( p r e l i m i n a r y  r e i n f o r c e m e n t ,  k = 3 . . . . .  N) ,  the  a n g l e s  Cn ((P, 0) (n = 1 . . . . .  N) ,  and b o u n d a r y  c ond i t i ons  
of the  f o r m  ( 1 . 6 ) - ( 1 . 9 ) .  On s e p a r a t e  s e c t i o n s  o r  l i n e s  of the c e n t e r  s u r f a c e ,  the  v a l u e s  of  h, G 1, G 2 a r e  g iven .  
The p r o b l e m  is  to f ind the changes  in the  t h i c k n e s s  h and r i g i d i t i e s  G1, G 2 ( add i t iona l  r e i n f o r c e m e n t )  wi th  
which a m o m e n t - f r e e  s t r e s s e d  s t a t e  i s  r e a l i z e d  in the  she l l .  

In so lv ing  p r o b l e m  2, we s h a l l  a s s u m e  tha t  in  each  s p e c i f i c  c a s e  the  g e n e r a l  s o l u t i o n  o f  the equa t ions  of  
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e q u i l i b r i u m  (1.1) i s  known. (The p r o b l e m  of  c o n s t r u c t i n g  the i n t e g r a l s  of  t h e s e  equa t ions  has  been  i n v e s t i -  
g a t e d  qui te  c o m p l e t e l y  in the  m o m e n t - f r e e  t h e o r y  [4 -6] . )  Then,  r e s p r e s e n t i n g  the e l a s t i c i t y  r e l a t i o n s  (1.2) 
with the  he lp  of the d e p e n d e n c e s  (4.1) in the f o r m  

Gxell~ + G~e~l~ --7 T~ (aEh) -~ - -  ane~ - -  a ~  - -  aa~,~ (4.2) 

Gle~l~a + V~e,l~ - -  T~ (aEh) -~ ' ' ' ~--- - -  G12E 1 - -  a 2 2 8 2  ~ a 2 3 8 3 ,  

- 1  - t ! ! 

w h e r e  
N N 

= _ _  P ~ 2 2 , t ~ Gfl~h; a12 = ~  --~ Ghllkl2k; 
a l l  i - -  v 2 h = 3  i - -  v 2  h = 3  

N N 

ai3 = Ghl~kljk, a33 = 2 (t -~- v) *-~ ~ ~kt'lke2h' 
k = 3  . h ~ 3  

ei = ~l l~ + e~l~ + %l~l~;  e~ = e~ ,  

and assuming tha t  

we find 

He re  

A " [Txl~fl.z 2 -~ T~ ln l~  - -  T ~  sin (lp? + ~pa)] sin (~p~ -7- ~ )  :r 0, 

h = A(aEAa)-I, Gi = Ai(e,A) -1, i, ] = t ,  2, g =/: ]. ( 4 . 3 )  

3 

Ai = ( - -  i) i ~_~ [~heh; [~, = a'x,B~ - -  a~,C~ -~ a'akD~; 

3 
h "~ l  t " t t . A3 = sin (r - -  ~1) '= [alf121122 ~- a2fllll12 - -  a ~  sin (41 + r a,; 

- -  = T 2 __ T2l~j" 

Subs t i tu t ing  in to  (4.3) the  v a l u e s  fo r  el,  e2, e3 f r o m  (2 .1) ,  we ob ta in  e x p r e s s i o n s  fo r  G1, G2, h in t e r m s  
of  the  g iven  and a r b i t r a r y  func t ions ,  e n t e r i n g  into the g e n e r a l  i n t e g r a l s  TI,  T2, TI2, e 1, 52, 53. T h e r e f o r e ,  the  
so lu t ion  of  p r o b l e m  2 r e d u c e s  to d e t e r m i n i n g  t h e s e  a r b i t r a r y  func t ions  f r o m  the b o u n d a r y  cond i t ions  and the 
c ond i t i ons  on Gp  G2, h. F i n a l l y ,  the  d i s p l a c e m e n t s  a r e  found f r o m  Eqs .  (2 .5) .  

We s h a l l  e x a m i n e  the  c a s e  when the s h e l l  i s  c l o s e d  in the  c i r c u l a r  d i r e c t i o n ,  con ta ins  a s m o o t h  v e r t e x ,  
and the va lue  of  the  r e l a t i v e  r i g i d i t y  G 2 i s  g iven  on the con tou r  0 = 00: 

G~(%,08) = g(~). (4.4) 

In th is  c a s e ,  a c c o r d i n g  to the d e p e n d e n c e s  (2 .4) ,  the d e f o r m a t i o n  f ie ld  i s  d e t e r m i n e d  to wi th in  the  funct ion  
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g2(q~). To f ind  i t ,  we s h a l l  t ake  in to  a c c o u n t  c o n d i t i o n  (4 .4)  and  r e p r e s e n t  the  t h i r d  e q u a l i t y  in  (4 .3)  i n  the  
form 

e 1 ~ - -  Ire2? ' ]c = [(~22 - -  gA siI}.2~2)(~21 - -  gA cos2'2)-1]O=Oo �9 (4.5)  

So lv ing  Eqs .  (4.5) and  (3.4)  s i m u l t a n e o u s l y ,  we f ind 

B z 
e~ ---- c exp at,. J = - -  ~ ( i  + k) ~'x ctg q~ dq% (4.6) 

o 

w h e r e  c i s  a c o n s t a n t  of  i n t e g r a t i o n .  

As  a n  e x a m p l e ,  we s h a l l  e x a m i n e  the  s o l u t i o n  of p r o b l e m  2 fo r  a s p h e r i c a l  d o m e  wi th  a v e r t e x  (R 1 = 
1:{ 2 = 1:{ = c o n s t ) .  On the  r e f e r e n c e  c o n t o u r  ~p = ~ l ,  the  d o m e  i s  f ixed  so t ha t  the f o l l o w i n g  c o n d i t i o n s  a r e  s a t i s -  
f ied 

u = 0 ,  v = 0 ,  T ~ = 0 ~ M ~ = 0  for ( P = ( g i .  (4.7)  

The  s u r f a c e  load  a c t i n g  on  the  s h e l l  h a s  the  c o m p o n e n t s :  

Pi  = q sin % P2 = 0, Ps = - -q  cos (9 - -  p sin (pcos 0~ p = eonst~ (4.8)  

q ( 9 )  = qo + ( q ,  - q0) ( t  - c o s  (9) '~( i  - c o s  ~ 0 , ) - ~ , ,  ra  = r  

i . e . ,  a wind  [4] and  v e r t i c a l  a x t s y m m e t r i c a l  l oads  ac t  t o g e t h e r  on  the  d o m e .  We s h a l l  a s s u m e  tha t  the " p r e -  
l i m i n a r y "  r e i n f o r c e m e n t  i s  a b s e n t  

G h • 0 for k "~ 3,. (4.9) 

whi le  " a d d i t i o n a l "  r e f i n f o r c e m e n t  i s  l a i d  a c c o r d i n g  to the  s c h e m e  

~ p l = c c , r  for 0 ~ 0 ~ ,  (4 .10)  
~Pl = --0~, @2~ = --fi for ~'< O< 2~,; 

w h e r e  ~ ,  fi a r e  f ixed  c o n s t a n t s .  

F r o m  the e q u a t i o n s  of  e q u i l i b r i u m  (1. I ) ,  u n d e r  the  c o n d i t i o n  t ha t  the  f o r c e s  r e m a i n  f i n i t e  a t  the  p o i n t  
= 0, we f ind  

R i [  (q_~__-- qo) !i_-:_ c~ ~)~ ] + T cos q0 cos 0,: (4.11, 
T1 l + c o s  qo'~ (m + 1) (t cos (p.)m j 

T2 ---- - -Rq  cos(9 - -  Rp sin r cos'0 ~ T1, 

T a = T sin 0, T(q~) = - -Rp(2  4- cos *~o)(i - -  cos q~)l/z[3(i -]-cos ~)s/~1-1. 

U s i n g  the  r e l a t i o n s  of  e l a s t i c i t y  (1 .2)  and  the  d e p e n d e n c e s  (4 .6)  a n d  (4 .11) ,  f o r  c o n s t a n t  c i n  e x p r e s s i o n  
(4 .6 ) ,  we f ind 

c : e.,(0) = --Rq0(l  - -  v)(2hoaE) -~, ho "~ h[~=o: (4.12)  

The  c o m p o n e n t s  of  the  d i s p l a c e m e n t  of the  c e n t e r  s u r f a c e  of the  d o m e  b e i n g  e x a m i n e d  a r e  d e t e r m i n e d  f r o m  
the  d e p e n d e n c e s  (2 .6 ) .  

F i g u r e s  2a and  b show the  d e p e n d e n c e s  H = h / h  0, G l, G 2 a s  a f u n c t i o n  of  q ,  0 ( for  wh ich  a s t r i c t l y  
m o m e n t - f r e e  s t r e s s  s t a t e  is  r e a l i z e d  in  the  d o m e ) ,  c a l c u l a t e d  u s i n g  Eqs .  (4 .3)  t a k i n g  in to  a c c o u n t  ( 4 . 4 ) - ( 4 .  ] 2 ) .  
F o r  d e f i n i t e n e s s ,  i t  i s  a s s u m e d  tha t  

0 ' =  0, g((p) = 0, ~ = (3/8)=, a ----- 40 ~ [~ = 0~ P/qo ---0.5~ 

q. /qo=.25,  m = 3 :  ( P . = ( 7 / 1 6 ) ~ ,  v = 0 1 3 .  

S ince  t a k i n g  in to  a c c o u n t  (4 . ]0 )  an d  (4.11) i t  c a n  be  s h o w n  tha t  the  f u n c t i o n s  H, G 1, G 2 a r e  e v e n  wish r e s p e c t  to 
0 _< 0 <_ 7r, i t  i s  s u f f i c i e n t  to c a l c u l a t e  t h e i r  v a l u e s  f o r  0. C u r v e s  1 -5  in  F i g s .  2a and  b c o r r e s p o n d  to the  v a l -  
u e s  0 = 0, 7r/4, 7r/2, (3/4)7r,  7r. 

F o r  p = 0 we o b t a i n  the  c a s e  w h e n  a n  a x i s y m m e t r i c a l  v e r t i c a l  loadq(~o) (4.8) a c t s  on  the  d o m e .  T h e n w e  o b -  

t a i n  f r o m  ( 4 . 3 ) - ( 4 . 6 )  

2 (T~ --.vT1) ~ [ ~,T~ -- Ta'~ 
H = h/h o ~- (l -- ~) Rq o exp j0 
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i . e . ,  the d o m e  m a t e r i a l  m u s t  be i s o t r o p i c ,  and a m o m e n t - f r e e  s t r e s s  s t a t e  is  e n s u r e d  only  due to the change  in 
t h i e l m e s s .  The  f o r c e s  T~, T 2 a r e  d e t e r m i n e d  f r o m  Eqs .  (4.11) wi th  p = 0. The  funct ion H(~o), c a l c u l a t e d  in 
this  c a s e ,  is  shown in F ig .  3. 

5. P r o b l e m  3. L e t  the  fo l lowing  be  g iven :  the  shape  of the c e n t e r  s u r f a c e ,  the e x t e r n a l  load ,  t h i c k n e s s ,  
r i g i d i t y  G k ( k  = 4 . . . . .  N) o r  p r e l i m i n a r y  r e i n f o r c e m e n t ,  the a n g l e s  ~b n (n = 1 . . . . .  N) ,  and b o u n d a r y  cond i t ions  
of the  type  ( 1 . 6 ) - ( 1 . 9 ) .  The v a l u e s  of  G~, G2, G~ a r e  g iven  on p a r t  of  the c e n t e r  s u r f a c e  o r  a long  s e p a r a t e  
l i n e s .  The  p r o b l e m  is  to d e t e r m i n e  the v a r i a t i o n ,  a l o n g  the e n t i r e  c e n t e r  s u r f a c e  of  the r i g i d i t i e s  of  the t h r e e  
a d d i t i o n a l  f a m i l i e s  of  f i l a m e n t s  with which the s t r e s s  s t a t e  in the s h e l l  e x a m i n e d  wil l  be  m o m e n t - f r e e .  

A s s u m i n g ,  a s  in p r o b l e m  2, tha t  T v T2, T12 a r e  known f r o m  a so lu t i on  of the e q u i l i b r i u m  equa t ions ,  we 
r e p r e s e n t  the r e l a t i o n s  of e l a s t i c i t y  in the f o r m  

it it t/ 
a~eg~ + a~ej~ + C~e~ = rl ( a E h )  - ~  - -  a H ~ ,  - -  a , ~  - -  a ~ ,  

Gae~l~ 1 ~ + G~e~A.~ + T~ (aEh) -a " " " ~ 3 ~ ' 3 ~ 2 3  ~ - - -  a i 2 ~  1 - -  s  z - -  ( z 2 3 8 3 ~  

C~e~lnI~ -~- G~efl~j._~ -~- Caeal~l~a ---- T ~  (aSh) -~ - -  a[~a~ - -  a~ae~ - -  a~a%,~ 

w h e r e  e.~ = ~ cos~p.~ + e~ sin~p.~ + ea sin ~p.~ c o s , m ,  m = t ,  2~ 3 . F r o m  h e r e  we find 

w h e r e  

G~ = AJA (l = 1, 2, 3), ( 5 . 1 )  

A = - - s i n  (~h - -  ~e) sin (r - -  ~3)  s i n  (~3 - -  ~A); ~3 = ~12; 
3 . 

At = (aEh) -1 [Tll~,nl2t ~- T2ilmllt - -  Ti~sin (,m -}- •t)] - -  ~] [a~ol2,~l~t ~- 
p = I  

t, tt , } 
+ a2olirnllt - -  a3o sm (r d- ~Pt)] % sir/(~p~ - -  ~t); m, l =  t, 2, 3; m,=/:l; rn=i~t. 

g 

E x p r e s s i o n s  a r e  ob ta ined  fo r  a ' / t ,  a]~ . . . . .  a ~  f r o m  Eqs .  (4.2) fo r  a~1, a~2 . . . . .  a~3, if  the l a t t e r  a r e  s u m m e d  
o v e r  k beg inn ing  with k = 4; in the e x p r e s s i o n  s i n ( ~ m  - Ct) in A l the v a l u e s  fo r  the i n d i c e s  m and t m u s t  be  
c h o s e n  in the s a m e  o r d e r  a s  in the  s t a t e  with i n d i c e s  1-3 in A. 

Subs t i t u t ing  the v a l u e s  for  el ,  e2, a3 f r o m  (2 . ] )  into (5 .1) ,  we obtain e x p r e s s i o n s  for  G~, 02, (]3 in t e r m s  
of  the func t ions  g iven  a c c o r d i n g  to the  cond i t ion  of  the  p r o b l e m  and a r b i t r a r y  func t ions  e n t e r i n g  into the g e n -  
e r a l  s o l u t i o n s  Tt,  T 2, T12, a 1, 52, 53. Thus  the s o l u t i o n  of  p r o b l e m  3 r e d u c e s  to d e t e r m i n i n g  the func t ions  of 
i n t e g r a t i o n  f r o m  the b o u n d a r y  cond i t ions  and the cond i t i ons  on G1, G2, G3. The d i s p l a c e m e n t s  a r e  then d e t e r -  
m i n e d  f r o m  Eqs .  (2 .5) .  

We sha l l  e x a m i n e  the c a s e  when the she l l  i s  c l o s e d  in the c i r c u l a r  d i r e c t i o n  and has  a s m o o t h  v e r t e x  and 
the va lue  of the r i g i d i t y  G 3 is  g iven  on the c o n t o u r  0 = 00: 

G3(% 0o) = G(cp). (5.2) 

Then,  tak ing  into accoun t  the d e p e n d e n c e  (2 .4) ,  we obta in  f r o m  the e x p r e s s i o n  for  G 3 in (5.1) 

e~ = F - -  ke~ = Fo - - /%e~ (5.3) 

F o=F(%00); k 0=k(%0o); k=(k2+m~G) h,; A,=kl+m~g;  
ki = sin (~1 - -  r s i n ( ~  - -  ~a) lia; 

F : (haEA.) -1 [Tll2ll2~ + T~ln112 --T3 sin (~1 + ~2)]- 

where 

F r o m  Eos .  (5.3) and  (3.4) we find 

( 5 . 4 )  ~2= exp( - -  J ) ~  + FoR ̀  cos q~ exp Jdq% 
0 

~p 

~ t -b ko R~ cos qvd% "1 d .  r 
0 

D i s p l a c e m e n t s  in the dome  a r e  d e t e r m i n e d  f r o m  Eqs .  (2 .6) .  As  an  e x a m p l e ,  we c o n s i d e r  a s p h e r i c a l  
d o m e  with c o n s t a n t  t h i c k n e s s ,  l oaded  and c l a m p e d  in a c c o r d a n c e  with  (4.4) and (4 .5) .  We s h a l l  a s s u m e  tha t  
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t h e r e  is  no p r e l i m i n a r y  r e i n f o r c e m e n t  iN = 3),  the m a g n i t u d e s  of  the r e i n f o r c e m e n t  a n g l e s  r ~, r ~3 a r e  con -  
s tan t ,  and G (~) = 0. 

The v a l u e s  of  G~ (cont inuous  c u r v e s ) ,  G 2 (dashed  c u r v e s ) ,  and G 3 ( d o t - d a s h  c u r v e s ) ,  f o r  which a m o -  
m e n t - f r e e  s t a t e  is  r e a l i z e d  in the dome  u n d e r  s tudy ,  c a l c u l a t e d  f r o m  r e l a t i o n s  ( 5 . ] ) - ( 5 . 4 )  and (4 .11) ,  a r e  p r e -  
s en t ed  in F ig .  4. The c u r v e s  with the c r o s s  m a r k s  c o r r e s p o n d  to the  c a s e  G 1 = G 2. In the c a l c u l a t i o n  i t  was 
a s s u m e d  tha t  00 = ~, q~l = ~/4, ~ ,  = (7 /16 )~ ,  P /q0  = 0.5, q*/q0 = 15, m = 1, ~ = 0.3, ~I = 60~ ~2 = - 6 0 ~  ~b3 = 90~ 
C u r v e s  1-5 c o r r e s p o n d  to the va lue s  0 = 0, ~r/4, ~/2, ( 3 /4 )u ,  ~. We a l s o  note  tha t  the e q u a l i t i e s  G I ( ~  , 0) = 
G2(~ , - 0 ) ,  G 3 { r  = G3(q~ , -0)  a r e  s a t i s f i e d .  

1o 
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